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CHARACTFRIZATIONS OF CENERALIZID MARKOV-POLYA AND
GENERALIZED TOLYA-L.COUSBERCER DISIRIBUTIONS

K. G. Janavdan® and B. Raja hao
Department of lathematics & Statistics
University of Pittshurph
Pittsburgh, PA 15760

ALSTRACT,

A discrete model is considered wiiere the original obscrva-

w

tion is subjected to partial destruction accerding to the pon-

eralized ilarkov-Folya damage wodel. A charactervication of the

generalized Polya-Lggenberper distribution is given in the con-

text of the Rao-Rubin condition. Several other characterization

theorcmis are also proved concerning these preobabiiity dictribu-

tions
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Urn models are readily adapted to the developaent of preba-
bility distributions used in the avalwsin of ceaplex problems in
real life situations, TIn many natural phencencuna isvolving indi-
viduals or living organisms, the prebabllity of success sceoms to
increase or decrecase with the numher of successes or failures.
Thus, with the aid of urn models, rescarch vorkers have developed
a number of discreote probahility distributicns (see Johnson and

KotZ, 1977; chp. 4) when the probhobitity of sueceas of an event

is a linecar fuunction of the nurber of <nceenson. Amoug the prin-
cipal rescarchers who have used urn models for doveloping dis-
+

crete probability models for contarious events, Markov (1917)
and Polya and Igrenberger (1923) are pionecers in the ficld.

Following liald's (1960) approach, Janardan (19.3), and
Janardan and Schaeffer (1977) have recentl considered a new
three urn model vith predeternined stratens and have derived the
generalized liarkov-Polya distribitiaon 457503 aq a aadel (1.1) for
voting in small groups where coatarion ie precent vithin cnch
group and the group leader devives womn new otrvtpeice for bring-
ing success to his candidate:

w gy ey o (e e)
P(X=x) = (:) a batbnr) (asxt) T (e ey T s

(a+b) (=) (b (o) Y (it ) (o)
where a>0, b>0, 05[‘:1, cFO0. andt vy =01 0L o JTE T =0 phis
reduces to X'L‘!I’k()\"i'(‘i_\'n diatritavrion (oo canatinn (0L1Y o
Johnson-kKotz, 177, p. 177). theove e ot o s e Volyas
Eggenberger distribution.

The GMPD (1.1) has several intercsting properties and a
large number of applications (see Janardan and Sohaeifer, (977
and Janardan, 1978). Under cortatn limitiny conditions, the
probability distribution (1.1) gives the Jiaitin: {orm:

(x0) . (- Y/

. h{htst .
P(X:x) = 2;“—;;)) Sp e (1.2)

Py




where x=0,1,2 ..., >0, 0B}, 0<t<l and cfu.

This distribution was named "The seneraiized iolva-!eenberpor'
distribution (:PLD) by Janavdan (197 Y since (1.0 reduces to the
Polya-iLapenberper distribution when -9 (oee Fatil ond Joshi,
1968 p. 20).

Situations often arise wvhere the eriginal observation pro-
duced by nature underpoes a dostructive jrocess anl vhat is re-
corded is only the danmaged portion of the actunl (aripinal) olser-

vation. This problem wvas {irst hrewe s o0 Vinhe b e (1063)
when he considered the resultant =wodels fter the ahaervations,
prcluced by some probability medel, were ruined v oother preba-
bility madels. Subsecquently, Pan ~od inbin (120%) proved that i€
the observation generated by natnre (deaoted o rov.vr s re-

duced to ¥ by a biunonial destructive process amt iV caric ies

the condition:
P{Y=k) = P(Y=k/no danape) = v(Y=k/partinl damazc), (1.3)

then the original r.v,! nust have the Toircan dicrribnrion, In
the literature, this result is inovsy ne Vae i chavasterization
of the Poisson distriburion and the roc dirian £33 G0 oading
RR-condition.

In this paper, we consider the geruoradized Harkev-Palva
distribution as a damage nodel subject ta 00 conditicn =<l ehar-
acterize the generalized TPolyo oo lieses » di-pritrion (007D) as
a model of contagion for the pro-ivetions o oenprati ns i cature.
In addition to this veanlt whieb G i T ni 0 s . oo

provc scveral other theorems vhich ohoroctopicos the ooqeralined

Harkov-Polya and generaliced Polvo Tenceniorger dictritat ions,

2. WOTATION 0D npiqreges
To begin with, we shall Jdicevss tae notatisn and tee jdonti-

. . . - . (. .
ties required in this paper. Lo notaticn o e in the

definitions of probabadite disrr i ien 0l 10 and (1000 0l in

sequel stands for the ascending tacter . 0




m(X.C)

n(ntc) (m+2e) .. (et (x-1)e),

ﬁ(x,O) - ot 0,c)_

. m( 1,

(-1, (%) 2.1

m = m =m(m=-1)...(m~x+1),
m(x’+l)= m[x l=m(m+]_)...(:n4:\--1).

From Janardan (1973), we record the follouving tuo jdentitics:

n
LoJ, (A, t,c)Jd (5,t.e) = ] (4B, t,c) (2.2)
k n-k n
k=0
) (n,c) .
where Jm(a,t,c) = a(aint) / (atmt)n! (2.3)

and Jo(a,b,C) = 1. (Z.4)

I Jk([\,t,c)\'k = U-A/C with Vm(1~V)Ut/c.
k=0 *

These identitiecs can be devived by using Lagran-e's eupansion.
With this notation, the probabilice diar-it-ctions (1.71) and (1.2)

can be written respectively as

P(X=x) = JK(n,r,v)Jn_v(b,:,r)/J (ot ,t,c)

% byt )/
P(x=x)=f_ = J_(h,t,e)(8/c) (1. (ttd/e (2.6)

3. CHAMACTERIZATIONG IAS: Y O COLDIT LAl DISTRINTIONS

We now prove the following throe.
THEORIII 1:  If X and Y are two iwlependent randem variables
having the peneralised Polva-icgenteryer distritbutions «with para-
meters (a,t,c,f) and (b,t,c,R) respectivels, then the conditional
distribution of X given 4Y=n jis a peneralized Narkov-Polva dis-
tribution as given in (1.]).

TROOF: DRy definition of conditicnal prebabiliry,

P=x/X+Y=n) = P({-x,Y=n-x)/T(xiV )




(atxt) /e e

_:)(h+(n—x)t)/c]

(Lt {n-x)t)/c ]

) jx(n,t,c)(ﬂlc)x(l—ﬁ)

n
LI (a,e,0) /a0
X
X =0

W Ot 1o -
Nz

(nfxt)k][J mx(h,t‘c)(ﬂ/c)nwx(l—ﬁ)

n

Jx(a,t,c)Jn_x(h,t.c)

n
g Je(ast,e)d _ (boe,e)

x=0

By {dentity (2.2), the denominator cquals Jn(a+h,t,c), vhich !
proves the theorcm. The follewing theerem gives the converse of
the above,

THEOREZ 2:  Let X and Y be two imdependent discrete r.v's sach

that the conditional distribution of N=x given St¥Y=n is the peon-

eralired ;larkov-Polyva distribution gfiven by (1.1) or (7.>) then
each X and Y has a generalised Polva-icpenheraer distribution as
in (1.2).

PROOF: Dy hypothesis of the theorem, P(Im/X+v=n) is riven by

Jx(a't’c)‘rn—x(b’t ,0) Jn(n,b,t,«‘,) watch s of the forn
a(x)3(n-x)/¥ () with a(x) = J (a,t,e), (=)
Jn‘x(b,t,c) and y(n)=<Jn(a+h,L;r).

Applying theorem 1 of Janardan (1975), we pet

rX . rv ,
f(x) = pa(x)e’ 7 and g(y) = qidlyde , vhere p, oa auwd 1t oare sore
positive constants. Setting O G PR ,othe Yoactioas T(0)

and (") can be written as

PRI
- { L o
f(x) pr(w,t.cv () . and
, tv/e
aly) = qu(h.r.c) ) v
o [ 2]
Since 1 =% f(x) = L g(v), applying the identity (1.4), ve geot
x~0 y’»=0 ;
P~ (1—6)-a/c and q = (l-ﬂ)_h/c completing the prood of the thearen, ‘




THEORLIL 3 @ If a non-negative integer randen variable N is
sub-divided into two components “A and. 5 such that the condi-
tional distribution P(ilA = X, HB = n-x/i7n) is the generalized

Harkov-Polya distribution (2.3) then the r.v's N\ and ”P are
! ]

independent if, and only if,! has a generalized Polva-Tgoenber-

ETEY

ger distribution.

PROOI': The joint probability of H\ and NP becomes
—_—— 1 3
Jx(n,t,c)Jn”v(b,r,r)
T Tl 1D I 3.1)

Jn(niiv,t S

P[NA=x,N“=n—x] =

If N has a generalized Polyn—lgﬂvnhvrﬁvr distribution, then with
h = a+b, 1ts probability function is

‘+l\.+.: \/(‘
P(Nen) = J_(ath,t,0) (6 o) (1-) T

a>0, b>0, 0<t<l, 0<icl, c#0. '

Inserting the value of P(li=n), wvo can eacily vrite (3.1} as

PN

=x,N_=n-x ] =
b

A

< a . L, - X b)) /e
Jx(a,c,c)(a/c)*(l—s)(“*““)/CJ (e (i) X gy (B ) fe

n-x

= P(NA = x) T’(f'«'n o).

!

Conversely, if H\ and Hr are dnlependent rov'e such that the F
£ 1 f

conditional distribution of I, ondd 3l given U0+ 70 + n is the i

\ I . I

)

1

'

GHDPD, tlien :;A and II]; hove the eenoraiice? Palv~ciprnenberser dia-
tributions. This follows from theoren 2
THEORIZL 4: 3T X and Y are two independent r(.gv's d(‘finod on non-
negative intepers such that P(N-=x) = IO f(x) = 1 and

x=0

P(Y=y) = g(y)>0,

o

L p(y) = 1 and further §if Ter p !h = A,

- n n

y=0




P(X=k/¥X+Y=n) =

(:)“n bn (A+nt)(nn+kt)(k'c)(hn+(n—k)t(“"k'P)

(an+kt)(bn+(n—k)L) Alatnt)
for k = 0,1,2,...,n.

) (3.3)

= 0 for k>n

Then (1) an is independent of n and equals a constant 'a' for

all values of n, and

(ii) X and Y must have generalized Polva-iacenheraer dis-
tribucions with parameters (a,t,c,f) ond (b,rc,) respectively.
PROOF: Since X and Y are independert y.ov's we have

n
Px=k/En) = ) (n=lk) /0 fG) k) (3.
S

o~
~s

Using (3.3) and (3.4) we can devive the functional relation {(3.3)
{

for all valucs of 0<li<n, and n>1:

—d e

£ (k~L)gin=L+1) B (3.5)

IR no b)) . o R .
n-k+1 (an+kt)( ’C)(b *(n—})t)( S JLL'])T)\b‘f\n*u‘L)C)
i 0 N

e e ot o e o e e [

K (a ¢(L-1\t)(h~[:;)1\ J(vv?‘i\;\{? fﬂ:i\(’ Y (et ) )
B T B T O T IR TR

Replacing k Dby k41 and n by nr'l in (2.5 and dividing the result-
N

ing expression by (3.3) uve pet ()P =1)/7" () on the Jeft

gide and A verv complox untidy cupressier o the right cide.

Since the Jeft eide is indeperdent of vy fie it e e e

a Lot =h v or

also be independent of n. JHhwsy a oo P =
nti 0o koo

all n, and hence ipnovine the sobseripts on a'a and hlaowe vill

RAVE £ (1) (k1) _
£2k)

k(G100 G O Gy )i_ . (3.6)
Kt (it (ke1) ) Cat G o) [Gartn) 00

which by continued substitution for et 20 {n=1) 0 oand multip-

4




lication together yields

EGL) U Gabnt) ™ g (3.7)
f(n-1)t (1) (h-1,c)

n. alatat) (at (-1t

Setting B = £(1)/{(0)a, the recurrence relation (3.7) becomes

B (n+nt)(n'c)(n+(n-glgl

f(n) = ST f(n-1), (3.8)
n! (a+at) (at(n-1)) : </
which is true for all integral n. 1huasx,
.n (n,e) . L, ,
f(n) = B a(atnt) F(n)/{(atae) nl (3.9)

o
1}
Since £ f(n) = 1, the series (3.7) nust converse to upnity, [at
n=0

. Lt/

the unknown positive quantity © ve cgual to (2/c)(1-30 ,

0<f<l,t>0, and ¢ # 0. Thus,

(n,e) . n

@ a(aint) £y nt/c
a S (2 (10 £(0
! n=0 (a*at)in. <’ (-7 &
By applying identity (2.4), ve cont ennile see than £(0) =
-ale . ~ B EEE WA
(1-8) "€ and {(x) = Jx(n,t,c)(y/r> (-7 .

whicli proves that the r.v.X is Jdictvibinted ae the OV with

paramcters (a,t,c,3). Dy putting k=1 in (3.5), one can casily

see that
P N S (ST SR TR SRR YR)
g(n=1) n! (h+uvw(h!(“~7\"{” erd
.n (n,e) .., )
Hence g(n) = b b(b+at) A/ (i)
@ -b/c
and the fact 7 g(n) = 1 will sinmilariy give g(&)r(lfﬁ) for

n=0

Lt/e . .
B = (C/C)(1~p) . Thus, the r.v.7 mmut bhe the OPED with para-

meters (b,t,c,0).

"REARK: Tt was shown in theoren 3 , thot {f X and Y are inde-

pendent gencralized Polya-Tpeenberper ravden variablea, then the

conditional distribution of X giiven 'Y is aeneralined Yarkov-




Polya distribution, The abhove theorem) chich was notivated
by theorem 1 of Chatterji (7963) «<hows t8 4 wear form of this
1

property characterizes tho 7 [,

A GHARACTURTZATION THEOCTTA DA o 1D

ColoiTivy

Let (X,Y) be a random vector of non-nepative inteeor-valuaed
components such that

P(X=n,Y=k) = fnS(i/n) (4.1)

where {ﬂ1: n=0,1,2,...} and {SO:/nY: 1-0,1,2,... .1} feor cach

n>0 are discrete prebability distrituticns.  ihat iz, the sar-
ginal distribution of X is {f_} and for cach avn oirh TR, the
conditional distribution of ¥ miven X=n is {S(V/n): 1=, 1.2 ... .n}

Further,

P{Y=k/no damage} = ¢, SU/¥Y/ 7 T(i/3) (4.2

k P

i= A
P{Y=k/danaged}= ¥ f s{k/n)/ © S{i/n). (4.3)
n=kt] " k=) =il

THEOREN 5: If a r.v.X definad on nornenosat e iareaoyg {0 Jig-
tributed in nature as a GPIH (0L7) vt morsr o (b e )
and if it is damaged and reduce:d te bobv ey (200 (1.1) and
further, if Y is the resulting randen vorisahTe, then (1) 00
Condition (1.3) is satisficd, anl (iiY has a0 o700y with paraneters

(a,t,c,pn).

PROOT : P(y=k) = & fnS(I:/II) SINUEARE ey -
n=k
w
. n (Y e . )
L [J (atb,t,c)(3/c) (1-1) T Ga it e)s L Orae) T (ath, e, e) ]
n b =i n
n=k .
k a+l - -1 Ok (1Y )/
=3, (a,8,0) (3/0) (-0 O n o oM ey O e
) n=k :

. A+l t
= Jk(ﬂ.tgc)(F/C)k(l—C)(1 ) /e cince the v o the terne T the

square brackets is one.

|




From 2quation (4.2),

’- : : { ,/(,
P(Y=k/no danage) = Jp(n,t,c)(F/r) (1-[\(1" Ve PY-1).

From equation (4.3),

)/(‘

(aal Y /e

. I- LA

Jp(n,t,c)(z/c) (1-)
P(Y=k/damaqcd) = e
S0 (aLe, ) 0/ (-0

0 k

k
= P(Y~k) .

THFORTIL 6: Let X be a non-ucpative futeser—valued rovo and let
the probability that an observation n of I is reduced to ¥ during

a destructive process be civen by the CHPD:

Sk/n) = J (a,t,c)] (h,t,e)/d (1, e,0),
k n n

~k

for O<a<l, atb=1, O<t<l, c>0, and k=0,1,2,...n. 1{ the resulting
r.v.Y is such that it satisfics the IR-Condition (1.3}, then X
has a GPED with parameters (),r,c,).

PROOI: The RER~Conditien is equivalent to

b fnS(k/n) = rl‘_fz(k/;:)/ TOrSGi/ DY,
n=k ‘ j=0

where fk = P(X=k). This cives

J"(:’I,C.C)Jn_[.(?‘,t,'f.) £, (ar ) 3, (1,6,

S , : ol
ri kn J1(l,r!“-> . ( &
! Tord (a,e,eY/0 (3,00
4r0 R A

setting n=k+s and concelling Jy(n.t,n) on hoth sides we pet
<

® J (b,t,e) £./3 (.t,0)
) fp+q S = L (4.5)
s=0 T (,te) - .
s JURNCHIRSIENCNNG

470

1




Define £ = r(k)Jk(1,c,c>v5 (h.6)

for all intepral valucs of k, where V is some arbitrarv quantity

to be set later. Substituting (4.6) {n (4.5) we get

L F(k+)I_(b, 5,00 ™ = rovRir (s o, e,en (4.7)
s=0 s j?() 1
let G(az,t) = T T(k)J (az,t,c_)\'k ,

ke0 k

where - o« <2< «© so that G(0,t) = F(0) and G(1,t) = 1.

Hultiplying both sides of (4.7) by J, (az,t,¢) and summing over k
129

from 0 to » (4.3) becomes

@® n
LF@VY £ J (az,t,e)d__ (b,t,c)} = Glaz,t)/C(a,t) . (4.9)
_ _n K n-k

n=0 k=0

By identity (2.2) the inner sum on the 1rft side of (4.9) is

equivalent to J (aztb,t,c), and hence (4.0) pives the bivariate
n '

functional equation:

G(az+tb,t)C(a,t) = C(a7, 1), (4.10)

Clearly G(a*b,t) = G(1,t) = 1. Setting X~ a(2-1) and h-1l-a
(4.10) gives

G(x+1,t)G(a,t) = G(xta.r) (4.11)

Setting ¢(x) = G(x+1,t), and a-1-v (4.11) raduces ta the Cauchy
functional equation, d(x)2(y) = ¢ (¥ ), vhrno nen-trivinl colu-
tion is given hv +(x) = ka. Thur, G, ] “\(y h vaieh i the
probability gencrating’ function of the Peissen distribuatien.
Now replacing x by az, assipnine a value (l-n—xc)cutt/ﬁ to \,
using the definition of G(az,t), ve geot

o
ekaz = T F(k)exJk(az,t,c) Vk (6.32)

k=0

To determine the value of F(k), consider the jdentity (I1.4) with

-Ac
A=azand w=¢e C which sives




% o 1y (az,e,o) vE L (4.13)
k=0 r
Subtracting (4.13) from (4.12),
= 2 K
0= & [F(k)e'-1), (aa,t,c) V" (6.14)
k=0 k '

Since (4.14) is true for all values of ), It is ohvious that

F(k)=e™® for all k. lience, by definition (4.6, vo get

£f(k)

FO:) 3, (15,0 v

-] - -\c s
e \Jk(l,t,c)[o Xt(l~c “Y/e f

3,(1,t,0) (3/0) (1 (THHO e

. -'c
with .=l-c

That is, X has a GPED with paramcter (1,t,c,’).
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